Abstract-In this paper, a step by step algorithm is given to design functional unknown input observer for continuous nonlinear systems under the Polytopic Takagi-Sugeno (T-S) framework. To nullify the effect of unknown input (UI), classical approach of decoupling the UI for the linear case is extended to the polytopic system. Applying the Lyapunov theory and the L2 attenuation, Linear Matrix Inequalities (LMI)s conditions are achieved which are solved for feasibility to obtain observer design matrices. The novelty of the proposed approach consists in solving simultaneously both structural constraints and LMIs, which ensure a mean for the efficient design of the gains of the observers. To illustrate the proposed theoretical results, simulation example of a Waste Water Treatment Plant (WWTP), which is highly nonlinear and represented in a T-S polytopic form with unmeasurable premise variables and unknown inputs, is discussed.
I. INTRODUCTION
Observer design theory for nonlinear systems has been widely considered in the last decade and several contributions and theoretical approaches can be found in the literature (see for example [2] , [7] , [11] , [14] , [13] ). However, the study of generic nonlinear systems can result in complex models to be dealt with, requiring heavy mathematical tools and does not systematically lead to unified results. Consequently, many classes of nonlinear systems are studied with specific assumptions. An appealing approach is based on the Linear Parameter Varying (LPV) transformation of the nonlinear system [23] . The objective is to replace the complexity of the original nonlinear system by an enlarged parametric variation in the LPV representation, which may simplify the observer design. The polytopic Takagi-Sugeno (T-S) or Multiple Models (MM) decomposition is another interesting solution to deal with complex nonlinear systems and to obtain an equivalent representation by bounding the parameters and using the well known sector nonlinearity transformation (SNT). the nonlinear system is transformed into a polytopic T-S form without any loss of information [20] and [12] . In fact, the T-S representation can be understood as polytopic systems, where the blending between the subsystems is time varying according to the so called weighting functions. Thanks to the convexity of the weighting functions and to the linearity of the subsystems defining the vertices, some results can be established for nonlinear systems (see [20] , [21] , [9] , [8] , [15] , [26] and [25] ) using tools borrowed from the linear theory generally established using the Lyapunov theory, in terms of linear matrix inequalities (LMIs) [16] , [5] . In this paper, the functional observers design for continuous time nonlinear systems is addressed. Most of the works devoted to these observers are for linear systems where necessary and sufficient conditions for their existence were given (see [4] , [22] , [17] , [6] and [18] ). This classical approach of decoupling the UI for the linear case is extended to the polytopic system to nullify the effect of unknown input (UI). Applying the Lyapunov theory and the L 2 attenuation, Linear Matrix Inequalities (LMI)s conditions are achieved which are solved for feasibility to obtain observer design matrices. The novelty of the proposed approach consists in solving simultaneously both structural constraints and LMIs using dedicated tools (MATLAB LMI Toolbox, YALMIP, etc.), which ensure a mean for the efficient design of the gains of the observers. The paper is organized as follows. In section II, a functional observers design for polytopic systems with unknown inputs is addressed. Sufficient conditions for its existence and a step-by-step design algorithm are given. In section III, simulation results of the application of the proposed approach to a waste water treatment plant are given. Conclusions and perspective are detailed in section IV.
II. FUNCTIONAL OBSERVERS DESIGN FOR NONLINEAR POLYTOPIC SYSTEMS WITH UNKNOWN INPUTS
In this section, sufficient conditions for the existence of a polytopic functional observer with unknown inputs are given. A constructive procedure for its design is proposed. Let us consider the following polytopic model subject to unknown inputs where each sub-model contributes to the global behavior of the nonlinear system through a weighting function μ i (ξ(t)). The polytopic structure is given by:
where x(t) ∈ R n is the system state, y(t) ∈ R p and u(t) ∈ R m represent respectively the system output and input. d(t) ∈ R q is the unknown input vector and z(t) ∈ R r where r ≤ n is the vector to be estimated.
, F i and L are known constant matrices of appropriate dimensions. It is assumed, without loss of generality that rank(C) = p and rank(L) = r. The weighting functions μ i (ξ(t)) verify the following convex sum property:
ξ(t) may depend on measurable premises variables (a part of the input u(t) or the output y(t)) or unmeasurable premises variables (as the system states, UIs). The state estimation for nonlinear systems using the T-S polytopic model approach have been addressed with different methods, but most of the available works in the literature have considered models with measurable premise variables. For simplicity reasons, it is easier to consider a system with measurable premise variables. However, in most practical cases (and realistic models), the premise variables depend on the state variables of the plant (and even sometimes unknown input dependent). In this paper, the general case of unmeasurable premise variables is considered, which brings some additional difficulties but leads to more challenging problems in the observer design. In order to reconstruct the state function, we define a functional polytopic observer of the form:
where η ∈ R r is the state vector of the observer and z(t) ∈ R r is the estimate of z(t). N i , J i , H i and E are unknown and constant matrices of appropriate dimension to be designed. The following proposition gives the conditions for the existence and stability of the functional polytopic observer (2) .
Proposition 1: The stateẑ(t) in (2) is an asymptotic estimate of z(t) (1) for any x(0),ẑ(0) and u(t) if for i = 1, . . . , M:
is asymptotically stable (3) and
where P , Δ(.) are respectively defined by:
Proof: Let us define the estimation error e(t) as:
with
Note that the stability analysis of the estimation error dynamicsė(t) cannot be directly achieved from (6) . Indeed, the fact that the weighting functions of the state depend on the premise variable ξ(t) and onξ(t) for the observer leads to a more complex form of the dynamics computation. So, based on the convex sum property of the weighting functions, the state equation (1) is rewritten in a more suitable form in order to re-use the tools proposed for stability and relaxed stability analysis of T-S systems with measurable (estimable) premise variables. That leads to:
The estimation error dynamics is then deduced:
where Δ(.) and P are defined as given in (5). Now, under conditions (4), the estimation error dynamics becomes:ė
Then we can see that if (3) is satisfied,ẑ(t) → z(t). Assumption 1: Along this paper, we consider that (which practically are often not restrictive):
1) The system (1) is stable 2) The signals u(t),y(t) and d(t) are bounded. So, the term Δ(.) is seen as a bounded perturbation-like term to minimize (due to assumption 1 and the convex sum property of the weighting functions μ i (t)). It belongs to a set around the origin if the weighting functions estimation error (μ i (ξ) − μ i (ξ)) is ensured with a certain precision. Now, the design of the functional polytopic observer is reduced to finding the gain matrices N i , P i , J i , H i and E such that proposition 1 is satisfied. From the definition of P , the conditions (4a) and (4c) are written as:
Equations (10) can be written as:
where
and
The following lemma gives necessary and sufficient conditions for the existence of a solution to (11). Lemma 1: There exists a solution to (11) if and only if:
Proof: From the general solution of linear algebraic equations [19] , there exists a solution to (11) if and only if:
where (14) are satisfied for i = 1, . . . , M. Equation (15) is also equivalent to:
which corresponds to condition (14) . In the sequel of the paper we assume that (15) is satisfied. In this case, the general solution of (11) is given by:
where Z i is an arbitrary matrix of appropriate dimension that will be determined in the sequel using LMI approach.
Remark 1: Solving (16) may leads to several solutions for E (one different solution for each sub-model i). In this paper, we are looking for a single solution, common to all the submodels. This common value will be given by combining (16) and the inequality given in lemma 2 (solver based numerical solution). From (16) , N i is given by:
Under conditions (4), the estimation error dynamics is given by (9) . Now the design problem is reduced to find the arbitrary matrix Z i such that condition (3) of proposition 1 is satisfied.
The following lemma gives the necessary and sufficient conditions to ensure the asymptotic stability of the estimation error dynamics. Lemma 2: There exists a symmetric positive matrix X = X T > 0, matrices W i , S and a positive scalar β such that (9) is asymptotically stable with a minimal L 2 attenuation 
is stable and verifies the L 2 -gain condition ||y(t)|| 2 < ||u(t)|| 2 if there exists a symmetric positive definite matrix X such that (21) is satisfied for i = 1, . . . , M
from lemma 3 and equation (9), by replacing N i with its value (A i − Z i B i ) and by the change of variables W i = XZ i , S = XE and ε 2 = β, the proof of lemma 2 is straightforwardly obtained. To summarize the proposed procedure, the following design algorithm can be carried out for the design of a polytopic functional observer.
Algorithm 1 Polytopic functional observer design for systems with unknown inputs
Step 1) Verify if condition (14) is satisfied.
Step 2) From (18), define the matrices A i and B i
Step 3) Solve the optimization problem (19) under the constraints (22).
Step 4) From the LMI solution, deduce the observer gains given by (23) . The polytopic functional observer design is thus completed.
The constraint (22) is obtained by left multiplying (16) by the matrix X and is defined as the following:
The observer gains given by:
III. APPLICATION TO A WWTP
The chosen application is a waste-water treatment plant (WWTP). The strong nonlinearities of the process are due to the variations of the waste-water flow rate and composition. In order to model this highly complex bio-chemical process, the ASM1 (Activated Sludge Model No.1) is proposed. Several works about the activated sludge plant are available in the literature. In the present work, we propose a more general case; nonlinear model represented in a polytopic T-S form with unmeasurable premise variables and unknown inputs. The Cost Benchmark is considered for simulations results. This benchmark has been proposed by the European program Cost 624 for the evaluation of control strategies in waste-water treatment plants [1] and [3] . The data used for simulation are generated with the complete ASM1 model (n x = 13) [10] , in order to represent a realistic behavior of a WWTP. In order to ease the T-S modeling, the observer design is based on a reduced model (n = 6) [24] .
A. Model description
The activated sludge waste-water treatment consists in mixing waste-water with a bacteria mixture in order to degrade the pollutants contained in the water. The polluted water circulates in an aeration basin in which the bacterial biomass degrades the polluted matter. Micro-organisms gather together in colonial structures called flocks and produce sludge. The mixed liquor is then sent to a clarifier where the separation of the purified water and the flocks is made by gravity. A fraction of the settled sludge is recycled towards the reactor to maintain its capacity of purification. The purified water is thrown back in the natural environment. The simplified model involves the following six components: the chemical oxygen demand (DCO) X DCO , oxygen S O , heterotrophic biomass X BH , ammonia S NH , nitrate S NO and autotrophic biomass X BA . Thus, the state vector is defined as:
In conformity with the benchmark of the European Program Cost 624 [1] and with the real operating condition of the waste-water treatment plant (Bleesbruck from Luxemburg), the considered output and input vectors are:
The variables q in (t) and q a (t) respectively represent the flow rate input and the air flow of the bio-reactor. The dynamic equations describing the system are the follow-
where Y a , Y h , f p , i xb , i xp are constant coefficients and ϕ 1 (t), · · · , ϕ 5 (t) are given by:
XBA(t) ϕ4(t) = bH XBH (t)
ϕ5(t) = bAXBA(t) (28) According to the benchmark [1] , it is supposed that the dissolved oxygen concentration at the reactor input (S O,in ) is null, that S NO,in ∼ = 0 and X BA,in ∼ = 0. In practice and in particular in the Bleesbruck station from Luxembourg, the concentrations X DCO,in , X BH,in and S NH,in are not measured online. Thus, a frequently used approximation is to replace these concentrations with their respective daily mean values. A daily mean value will be considered for X DCO,in -known input-and the concentrations X BH,in and S NH,in will be considered as unknown inputs. The measurements of the four concentrations in the reactor output are available online. The input/output balance is defined by:
with D in (t) =
qin(t)
V . Since the transformation of the nonlinear system (27) into a T-S model does not constitute the main contribution, and for lack of space, only the essential points are given in the following. For further details on this procedure, the reader may refer to [20] and [3] . Considering the process (27), it is natural to define the following premise variables involved in the system nonlinearities:
Then system (27) can be written in a quasi-LPV forṁ
with matrices A(ξ), B(ξ) and F (ξ) depending on the premise variables previously defined and where
and:
The premise variables ξ j (t), j = 1, . . . , 4 are re-written using the convex polytopic transformation:
where the scalars ξ j,1 , ξ j,2 and the functions F j,1 (ξ j ), F j,2 (ξ j ) are defined by
Fj,2(ξj(t))
In order to obtain the T-S structure from the quasi-LPV system (31), each variable ξ j (t) is decomposed according to (33) and multiplied by
The obtained weighting functions are defined by:
The matrices A i , B i and F i are obtained by setting ξ j (t) = ξ j,σ A(ξ) , B(ξ) and F (ξ) in (32) resulting in (38) (see next page). Thus, the nonlinear model (31) is equivalently written under the T-S form:
with the output matrix defined as: 
B. Results and discussions
The data used for simulation are generated with the complete ASM1 model described with 13 state variables [10] , in order to represent a realistic behaviour of a WWTP. Even if the observer design is based on a T-S form of the reduced model (n x = 6) and is fed by the data from the complete ASM1 model, it will be seen that the estimation results are more than satisfactory. Applying the proposed algorithm, the state observer (2) is designed by computing all the gain matrices (the numerical values are not given here due to space limitation) such that the rank and convergence LMI conditions given in algorithm hold. The solution of the optimization problem under LMI constraints was obtained with the use of the SeDuMi solver and Matlab software. Matlab was also used for the system simulations. Since four of the state are measured (output), we are interested into the estimation of the sixth state
The measurements are done in a period of one week (7 days) with the following initial values:
x 0 = 30 3.5 20 1.5 650 11 T ,ẑ 0 = 11.5
The obtained results are depicted in the following figures 1 and 2. In the first figure, a comparison between the states issued from the benchmark and from the polytopic T-S model is presented to show the exactitude of the T-S representation.
In figure 2 are depicted the state z(t) = x 6 (t) and its estimate.
From the depicted figures, one can conclude on the effectiveness of the synthesized observer, since the desired state is accurately estimated. In the present paper, sufficient conditions for the existence of a polytopic functional observer with unknown inputs are given. A new algorithm for the observer design is proposed. 
. z(t) and its estimate
Through the transformation of the the original nonlinear system into a Polytopic Takagi-Sugeno model, with rank conditions and LMI optimization procedure, a function of the state is estimated. The non measurable state observer is designed by minimizing the L 2 gain transfer from the input signals (Δ(x(t), u(t), d(t))) to the estimation error vector e(t). The chosen application example is a waste water treatment plant. From the nonlinear equations of each system, a polytopic T-S model is derived. The proposed observer is then synthesized following the proposed algorithm by solving simultaneously both structural constraints and LMIs, which ensure a mean for the efficient design of the gains of the observers. The obtained simulation results illustrate its performance. As future works, a joint sate and UI observers will be considered with relaxed LMIs conditions and UAVs application.
